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Abstract
The recently proposed jordanian quantization of the Lie superalgebra osp(1|2)
due to the embedding sl(2) ⊂ osp(1|2), is extended including odd generators into
the twisting element F . This deformation is obtained as a contraction of the
quantum superalgebra Uq(osp(1|2)).
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Connection between the Drinfeld-Jimbo deformation [1, 2] and the jordanian defor-
mation of sl(2) [3, 4, 5, 6] was pointed out already in [5]. Technically it is given by a
similarity transformation of the R-matrix and T -matrix with the element exp(θ adX+)
in the fundamental representation of sl(2) and contraction q → 1 with fixed (1−q)θ = ξ.
In particular, one arrives to the jordanian plane x′y′ = y′x′+ ξy′2 of Uξ(sl(2)) after the
transformation:
x′ = x+ θy , y′ = y
of the q-plane xy = qyx [6].
The recently obtained jordanian twist of the universal enveloping superalgebra
U(osp(1|2)) [7] was constructed due to the embedding sl(2) ⊂ osp(1|2). The men-
tioned above procedure being applied to the 9 × 9 R-matrix of the quantum superal-
gebra Uq(osp(1|2)) [8] gives extra contribution into the twisting element F due to the
odd generator v+. This twisting element is factorised
F (sj) = F (s)F (j) .
The jordanian twisting element [5, 6]
F (j) = exp
(
1
2
h⊗ ln(1 + 2ξX+)
)
= eσ (1)
depends on the Borel subalgebra generators h, X+ ∈ B+ ⊂ sl(2) ⊂ osp(1|2) while the
super-part F (s) depends on v+ only (with X+ = 4v2+ and [h, X+] = 2X+).
Recall the twisting of Hopf algebras. A Hopf algebra A(m,∆, ǫ, S) with multipli-
cation m:A ⊗ A → A, coproduct ∆:A → A ⊗ A, counit ǫ:A → C, and antipode
S:A → A (see definitions in Refs.[1, 9]) can be transformed with an invertible element
F ∈ A ⊗ A, F = ∑ f (1)i ⊗ f (2)i into a twisted one At(m,∆t, ǫ, St) [10]. This Hopf
algebra At has the same multiplication and counit maps but the twisted coproduct
and antipode
∆t(a) = F∆(a)F−1, St(a) = vS(a)v−1, v =
∑
f
(1)
i S(f
(2)
i ), a ∈ A.
The twisting element has to satisfy the equations
(ǫ⊗ id)(F) = (id⊗ ǫ)(F) = 1, (2)
1
F12(∆⊗ id)(F) = F23(id⊗∆)(F) . (3)
A quasitriangular Hopf algebra A(m,∆, ǫ, S,R) has additionally an element R ∈
A ⊗ A (a universal R-matrix) [1], which relates the coproduct ∆ and its opposite
coproduct ∆op by the similarity transformation
∆op(a) = R∆(a)R−1 , a ∈ A .
A twisted quasitriangular quantum algebra At(m,∆t, ǫ, St,Rt) has the twisted univer-
sal R-matrix
Rt = τ(F)RF−1, (4)
where τ means the permutation of the tensor factors: τ(f ⊗ g) = (g⊗ f) , τ(F) = F21.
Note that the composition of appropriate twists can be defined F = F2F1. The
element F1 has to satisfy the twist equation with the coproduct of the original Hopf
algebra, while F2 must be its solution for ∆t1 of the intermediate Hopf algebra twisted
by F1. In particular, if F is a solution to the twist equation (3) then F−1 satisfies this
equation with ∆→ ∆t.
The quasitriangular Hopf superalgebra Uq(osp(1|2)) [8] is generated by three ele-
ments {h, v−, v+}, analogously to the universal enveloping of osp(1|2) or sl(2), subject
to the relations
[h, v±] = ± v±, [v+, v−] = − 1
4
(qh − q−h)/(q − q−1) , (5)
where the commutator [ , ] is understood as the Z2-graded one:
[a, b] = ab− (−1)p(a)p(b)ba ,
with p(a) = 0, 1 being the parity (even or odd) of the element. The coproduct is
∆q(h) = h⊗ 1 + 1⊗ h ,
∆q(v±) = v± ⊗ qh/2 + q−h/2 ⊗ v± . (6)
The osp(1|2) commutation relations follow from (5) in the limit q → 1 and adding
X± = ±4(v±)2 as the Lie superalgebra generators. It is worthy to note that, while
2
sl(2) is embedded into osp(1|2), such embedding does not exist for slq(2) into ospq(1|2)
because the coproduct of even elements X± ∼ v2±
∆q(X±) ∼ X± ⊗ qh + q−h ⊗X± + (q±2 − 1)q−hv± ⊗ v±qh
includes also odd generators.
The jordanian twist F (j) preserving the algebraic relations among the generators of
U(osp(1|2)), results in the twisted coproduct ∆j [7]
∆j(h) = h⊗ e−2σ + 1⊗ h ,
∆j(v+) = v+ ⊗ eσ + 1⊗ v+ , (7)
∆j(v−) = v− ⊗ e−σ + 1⊗ v− + ξ h⊗ v+e−2σ.
The R-matrix formulation of the quantum algebra Uq(osp(1|2)) is related with the
9× 9 matrix [8]:
R =


q 0 0 0 0 0 0 0 0
0 1 0 a 0 0 0 0 0
0 0 q−1 0 b 0 e 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 c 0 0
0 0 0 0 0 1 0 d 0
0 0 0 0 0 0 q−1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 q


, (8)
where non zero entries are
a = d = ω = q − q−1 , b = c = −ω/√q , e = ω(1 + 1/q) .
Following the sl(N) case [5, 11], let us do the similarity transformation of this R-matrix
with the tensor square M ⊗M of the matrix M = I + θρ(X+)
M =


1 0 θ
0 1 0
0 0 1

 . (9)
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The transformed R-matrix satisfying the graded Yang-Baxter equation (YBE) [12],
gets nine more non zero entries:
R =


q 0 x1 0 x2 0 x3 0 x4
0 1 0 a 0 x5 0 0 0
0 0 q−1 0 b 0 e 0 x6
0 0 0 1 0 0 0 x7 0
0 0 0 0 1 0 c 0 x8
0 0 0 0 0 1 0 d 0
0 0 0 0 0 0 q−1 0 x9
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 q


, (10)
which are the following:
x1 = −ω θ , x2 = b θ , x3 = ω θ/q ,
x4 = (ω θ)
2/(1 + q) , x5 = −ω θ , x6 = −ω θ/q ,
x7 = ω θ , x8 = −c θ , x9 = ω θ .
All the new entries are proportional to ω θ. Hence one can consider a limit: θ =
ξ/ω , q → 1. The limiting (super-jordanian) R-matrix R(sj)(ξ) is also a solution to the
graded YBE. The form of R(sj)(ξ) is different from the jordanian R-matrix which was
used for a triangular twist of osp(1|2)
R(sj)(ξ) =


1 0 −ξ 0 −ξ 0 ξ 0 ξ2/2
0 1 0 0 0 −ξ 0 0 0
0 0 1 0 0 0 0 0 −ξ
0 0 0 1 0 0 0 ξ 0
0 0 0 0 1 0 0 0 ξ
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 ξ
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


. (11)
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One can now take the upper triangular L(+) matrix of the FRT-formalism [9]
L(+) =


E−1 V H
0 1 W
0 0 E

 = (ρ⊗ id)R(sj) , (12)
and define the commutation relations of the generators H,E, V,W from the FRT-
relation
R(sj)(ξ)L
(+)
1 L
(+)
2 = L
(+)
2 L
(+)
1 R
(sj)(ξ) ,
where the Z2-graded tensor product is used defining L
(+)
1 = L
(+)⊗I and L(+)2 = I⊗L(−)
[12]. These commutation relations are (V and W are odd)
[E, V ] = 0 , [E,W ] = 0 ,
[H,E] = ξ(E2 − 1) , [H, V ] = ξ(V (E−1 −E)−W ) ,
[V, V ] = ξ(1− E−2) , [W,W ] = ξ(E2 − 1) ,
V W +WV = −ξ(E − E−1) , V 2 +W 2 = 1
2
ξ(E2 − E−2) .
It is easy to see that one can take H and W as two independent generators, while
V = −WE−1 and E2 = 1 + 2W 2/ξ.
The super-jordanian R-matrix is triangular R
(sj)
21 (ξ)R
(sj)(ξ) = 1 and it would be
interesting to find the corresponding twisting element. Let us start from the twist
matrix F = (ρ⊗ ρ)F in the fundamental representation ρ. Having in mind embedding
of the jordanian twist of sl(2) into osp(1|2) [7] and a possibility of twist composition,
we are looking for the super-jordanian twist as the product F (sj) = F (s)F (j) with
corresponding matrices: block diagonal
F (j) = diag




1 0 ξ
0 1 0
0 0 1

 ,


1 0 0
0 1 0
0 0 1

 ,


1 0 −ξ
0 1 0
0 0 1



 = (ρ⊗ ρ)eh⊗σ, (13)
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for the jordanian twist, and
F (s) =


1 0 0 0 ξ/2 0 0 0 −ξ2/8
0 1 0 0 0 ξ/2 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 −ξ/2 0
0 0 0 0 1 0 0 0 −ξ/2
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1


= (ρ⊗ ρ)F (s) , (14)
for the super-part which depends on v only and has a property: F
(s)
21 = (F
(s))−1. It is
easy to check that
R(sj)(ξ) = F
(s)
21 F
(j)
21 (F
(j))−1 (F (s))−1 .
Taking into account the property of the universal R-matrix R [1], and the definition
L(+) = (ρ⊗ id)R(sj), one gets the coproducts of the L(+) entries
∆(E) = E ⊗ E ,
∆(V ) = V ⊗ E−1 + 1⊗ V ,
∆(W ) = W ⊗ 1 + E ⊗W ,
∆(H) = H ⊗ E−1 + E ⊗H −W ⊗ V .
We have to find the expressions of the generators H,E, V,W in terms of h, v, and
define the super-twist F (s) from the intertwining relation. The form of this element
F (s) in question is
F (s) = exp (−2ξ (v ⊗ v)ϕ(σ ⊗ 1 , 1⊗ σ)) ,
where ϕ(σ1, σ2) is a symmetric function of its arguments. Fixing this structure of F (s)
and considering the fundamental representation ρ only for the first factor in A ⊗ A,
we get the following expressions of the generators H,E, V,W
H = ξheσ−2(ξv)2e−σ, E = exp(1
2
ln(1+2ξX)) = eσ, V = −2ξve−σ, W = 2ξv . (15)
6
Hence the coproducts of the generators h, v are the following
∆sj(h) = h⊗ E−2 + 1⊗ h+ 4ξ vE−1 ⊗ vE−2 ,
∆sj(v) = v ⊗ 1 + eσ ⊗ v . (16)
Thus the super-jordanian twist of the Borel subalgebra sB+ of osp(1|2) is defined.
To define the corresponding deformation of the U(osp(1|2)) we have to find F (sj)
and the coproduct of the generator v−
F (sj)∆(v−)(F (sj))−1 = F (s)(v− ⊗ E−1 + 1⊗ v− + ξ h⊗ v+E−2)(F (s))−1 . (17)
The knowledge of the exact form of the super-part of the twisting element seems nec-
essary to get a final expression for ∆sj(v−). Although one can prove according to [13]
(with appropriate modifications due to the Z2-grading) the existence of F (s) order by
order in ξ we do not have a closed form. The intertwining relation
F (s)∆j(v+)(F (s))−1 = (v+ ⊗E + 1⊗ v+)(F (s))−2 = v+ ⊗ 1 + E ⊗ v+
also can be used to find F (s). The conjectured form of ϕ(σ1, σ2) is the following
ϕ(σ ⊗ 1 , 1⊗ σ) =
∞∑
k=1
fk(σ)⊗ fk(σ) .
Each fk(σ) of this expression is characterised by its non zero contribution starting from
the irreducible representation of spin s = k/2, dimVs = 4s + 1 and by the first term
(ξX+)
k−1 with a coefficient to be defined. In particular, one gets f1(σ) = 2/(e
σ + 1).
Taking the generators of the Lie superalgebra as invariant vector fields on the
group supermanifold, the twist F as a bidifferential operator permits to put forward
the deformation quantization approach of [14]. Using the explicit form of the 9 × 9
R-matrix (11), one can also study the dual Hopf superalgebra (a quantum supergroup)
according to the relation
R(sj)(ξ)T1T2 = T2T1R
(sj)(ξ).
Corresponding formulas, together with the classical r-matrix, are given in [15]. One can
apply the deformed osp(1|2) to the oscillator like realizations of quantum superalgebras
[16], and to integrable models related to the orthosymplectic superalgebras [17].
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